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Abstract 



We study S-duality in A/" = 4 super Yang-Mills with an arbitrary gauge 
group by determining the operator product expansion of the circular BPS 
Wilson and 't Hooft loop operators. The coefficients in the expansion 
of an 't Hooft loop operator for chiral primary operators and the stress- 
energy tensor are calculated in perturbation theory using the quantum 
path-integral definition of the 't Hooft operator recently proposed. The 
corresponding operator product coefficients for the dual Wilson loop op- 
erator are determined in the strong coupling expansion. The results for 
the 't Hooft operator in the weak coupling expansion exactly reproduce 
those for the dual Wilson loop operator in the strong coupling expansion, 
thereby demonstrating the quantitative prediction of ^-duality for these 
observables. 
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1 Introduction and summary 

Electric-magnetic duality, such as S'-duality in A/" = 4 super Yang-Mills, maps elec- 
trically charged excitations in one theory to magnetically charged ones in the dual 
theory. In the conventional formulation of gauge theories, magnetically charged ob- 
jects are not included as integration variables in the path integral. Rather, they are 
realized via non-trivial field configurations of the electric variables. The magnetic ana- 
log of the Wilson loop operator [Ij, i.e. the 't Hooft loop operator [2J, which inserts a 
magnetically charged source, is defined by a singular field configuration of the electric 
variables. 

Even though an 't Hooft loop is a disorder operator, defined by prescribing a singu- 
larity along the loop, it shares features associated with ordinary operators, which are 
characterized by gauge invariant functions of the electric variables of the theory. For 
example, just as the potential generated by a distribution of charges admits a multi- 
pole expansion, any loop operator - an 't Hooft (T) or Wilson (W) operator - appears 
as an infinite series of local operators to an observer who probes the loop operator from 
a distance much larger than the size of the loop: 
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Figure 1. The operator product expansion of a loop operator. 

Therefore an 't Hooft operator, despite being a disorder operator, also admits an op- 
erator product expansion (OPE) in terms of an infinite sum of local operators Oi. 

A suitable arena where to study the OPE of loop operators and the action of 
electric-magnetic duality on the OPE is A/" = 4 super Yang-Mill theory. S'-duality 
[3], m [5] posits that A/" = 4 super Yang-Mills with gauge group G and coupling constant 
r is equivalent to A/" = 4 super Yang-Mills with dual gauge group [6] and dual 
coupling constant ^r. The coupling constants of the dual theories are related by the 
strong-weak coupling transformation 
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where 



and where rig = 1, 2 or 3 depending on the choice of gauge group G. 

In A/" = 4 super Yang-Mills, 't Hooft loop operators in the theory with gauge group 
G are conjectured to transform under the action of S'-duality into Wilson loop operators 
in the dual theory, which has gauge group ^G. Under S'-duality electric and magnetic 
sources are exchanged [7] 

T{^R) < — > W{^R) . 

is an irreducible representation of ^G, which labels [7] an 't Hooft operator T{^R) 
in the theory with gauge group G, as well as a Wilson operator W{^R) in the theory 
with gauge group ^G. 

The recent paper [S] has explicitly demostrated that the prediction of S'-duality for 
the observables 

holds to next to leading order in the coupling constant expansion for supersymmetric 
circular loops. This equality was proven by first giving a quantum definition of an 't 



Here Ug — 1 for simply laced algebras; rig = 2 for 5o(2n + l),sp(n) and ^4, and = 3 for 92- 
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Hooft operator, computing its expectation value to next to leading order in the weak 
coupling expansion and comparing the result with the strong coupling expansion of the 
Wilson loop expectation value in the dual theory [8]. 

S'-duality conjecturally acts on all the gauge invariant operators in Af = 4 super 
Yang-Mills, both on local and non-local operators, thus defining an isomorphism be- 
tween the operators in the two dual descriptions 



This implies that the identification of the 't Hooft and Wilson operators under the 
action of S'-duality should extend beyond matching of their expectation values (11. ip . 
In particular, the S'-duality conjecture relates the OPE of an 't Hooft operator to that 
of the corresponding dual Wilson loop in the dual theory. Their respective OPE's are 
given by 



Here Aj (^Aj) is the conformal dimension of the operator Oi {^i) and a is the radius of 
the circle where the loop operators are supported. The OPE coefficients bi and are 
non-trivial functions of the coupling constant of the theory, the choice of representation 
and the gauge group. 

S-duality predicts that the 't Hooft operator OPE coefficient bi of the local operator 
Oi of one theory is mapped to the Wilson operator OPE coefficient of the dual 
operator ^Oi in the dual theory. The computation of the OPE coefficients of loop 
operators is closely related to the computation of correlation functions of loop operators 
and local operators. These correlation functions of loop and local operators should also 
transform into each other under the action of S-duality. 

In this paper we compute the correlation functions of a circular 't Hooft and Wilson 
loop operator with an arbitrary chiral primary operator (CPO) in A/" = 4 super 
Yang-Mills. We show that the prediction of S-duality 



holds to next to leading order in the coupling constant expansion. This result implies 
that the coefficients of chiral primary operators in the OPE of a circular 't Hooft 



O < — ^ ^O. 




(1.2) 




(1.3) 
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operator at weak coupling precisely match the corresponding OPE coefficients for the 
dual Wilson operator at strong coupling: 

Proving this requires computing the two point functions of chiral primary operators, 
which are given by free field contractions. We show that the two and three-point 
functions of chiral primary operators are invariant under the action of S'-duality. 

In this paper we also calculate the "scaling weight" [7] of the circular 't Hooft 
operator T{^R) at weak coupling and that of the circular Wilson operator W{^R) 
at strong coupling in A/" = 4 super Yang-Mills. This observable, which measures the 
conformal properties of a loop operator, is determined by the OPE of the loop operator 
with the stress-energy tensor. We show that the scaling weight of an 't Hooft operator 
T{^R) evaluated at weak coupling exactly reproduces the scaling weight of the dual 
Wilson W{^R) evaluated at strong coupling. 

In summary, we perform novel computations with 't Hooft operators in = 4 SYM 
and exphcitly demonstrate the conjectured action of S'-duality on these observables for 
arbitrary gauge group G. This provides a quantitative demonstration of the action of 
electric-magnetic duality on correlation functions in A/" = 4 SYM. 

The plan of the rest of the paper is as follows. In the next section we describe the 
OPE of loop operators, the notion of the scaling weight of a loop operator, and the 
construction of chiral primary operators in A/" = 4 super Yang-Mills with gauge group 
G. We also spell out the S'-duality map for chiral primary operators [9l[T0]. In section [3l 
we compute in perturbation theory the correlation function of an 't Hooft operator with 
an arbitrary chiral primary operator O/^ as well as the scaling weight of a circular 't 
Hooft operator. Section H] is devoted to calculating in the strong coupling expansion the 
correlation function of a Wilson loop operator with 0/\ as well as the scaling weight of 
a circular Wilson loop operator. These calculations are performed by solving a matrix 
model. In section [5] we explicitly demonstrate the S'-duality conjecture relating the 't 
Hooft and Wilson loop correlation functions by comparing our results for the 't Hooft 
and Wilson loop correlators. Appendix [X] discusses the Weyl transformation between 

and AdS2 x S'^ , while Appendix [B] provides examples of the construction of chiral 
primary operators for gauge group G. Appendix [C] extends the equivalence of complex 
and normal matrix models for general gauge group G. In Appendix [Dl we show that 
the two and three-point functions of chiral primary operators are invariant under the 
action of S'-duality. 
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2 Loop operator OPE and /S-duality 



A loop operator can be expanded in a series of local operators when probed from a 
distance much larger than the characteristic size of the loop. This defines the operator 
product expansion (OPE) of the loop operator [TTl [T2] . For an operator L supported 
on a circle of radius a - a circular 't Hooft or Wilson operator - the operator product 
expansion is given by 



||l + ^C,a^'Oi(0)j , (2.1) 



where Cj is an OPE coefficient, (9j(0) is a local operator inserted at the center of the 
loop and Aj is its conformal dimension. The sum in fl2.ll) is over all conformal primary 
operators in the theory as well as over the associated conformal descendant operators. 

The OPE coefficients of conformal primary operators can be obtained from the 
correlation function of the loop operator L with the primary operators Oi 

{L-0,{x)) (2.2) 

using the matrix of two-point functions (OiOj). These correlation functions involving 
loop operators are the main objects of study in this paper. 

As we show in Appendix |Al super Yang-Mills in the presence of a circular loop 
operator on is Weyl equivalent to super Yang-Mills on AdS2 x S"^ with the loop 
operator inserted on the boundary of AdS2 (the Poincare disk). By symmetry the 
correlator is independent of the position of the local operator on AdS2 x S"^. Weyl 
invariance of A/" = 4 super Yang-Mills then determines the position dependence of the 
correlator on M^: 

{L ■ 0^ix)) _ 

{L) ^^-^^ 

The coupling Sj captures the dynamical information of the correlator and our goal is 
to compute Sj for the circular 't Hooft and Wilson loop operators in A/" = 4 super 
Yang-Mills with an arbitrary gauge group G. The conformally invariant distance r is 
given by 

Ay(r2 + x2 - a2)2 + 4a%2 

r = — , 

2a 

which combines the radius a of the circle where the loop operator is supported, the 
radial position r of the local operator in the plane containing the loop, and the position 
X of the local operator in the plane transverse to the circle. The OPE coefficients are 



5 



most easily extracted by setting r = and expanding (12. 3p in powers of a/x. The 
leading order term in this expansion of the correlator measures the OPE coefficient of 
the conformal primary operator Oi while the rest of the terms in the a/x expansion 
capture the OPE coefficients of the conformal descendants of Oi. 

An operator that plays a central role in a conformal field theory is the stress- 
energy tensor T^j^. The correlation function of a loop operator with the stress-energy 
tensor measures how the loop operator transforms under a conformal transformation, 
and generalizes the familiar notion of conformal dimension of a local operator to a 
non-local operator. This information is encoded in the "scaling weight" of the loop 
operator [7], which we also compute for an 't Hooft and Wilson operator in A/" = 4 
super Yang-Mills with gauge group G. 

A loop operator L supported on a circle of radius a preserves an SL{2, M) x SU{2) 
subgroup of the Spin{l, 5) conformal group. Conformal invariance also completely 
fixes the position dependence of the correlator of the loop operator with the stress- 
energy tensor. When the theory is Weyl transformed from to AdS2 x S"^ in order to 
make the symmetries of the circular loop operator manifest (see Appendix |X] for more 
details), the correlator of the loop operator L with the stress-energy tensor is given by 

mm 

{L ■ T,^{x)dx^dxn ^ ^^^^^^^ _ ^ _^ ^^^^^^^ ^ ^2.4) 

where is the scaling weight of the loop operator L, and the metrics on AdS2 and 
S"^ are denoted by ds\^g^ and ds'^2 respectively. The last term in (12.41) captures the 
conformal anomalies of the field theory on the AdS2 x S'^ geometry. For A/" = 4 super 
Yang-Mills with gauge group G, the anomaly coefficients are a = c = dim(G)/4, where 
dim(G) is the dimension of the gauge group. 



Chiral primary operators and S- duality 

An interesting class of local operators with which to probe an 't Hooft or Wilson loop 
operator in A/" = 4 super Yang-Mills are the chiral primary operators. The PSU{2, 2|4) 
superconformal algebra implies that chiral primary operators of conformal dimension 
A belong to a multiplet transforming in an SU{4)ji representation with Dynkin label 

[0,A,0]. 

In terms of the R-symmetry group 5*0(6) ^ SU{A)fi, these operators transform in the 
rank- A symmetric traceless representation of 5*0(6). Without loss of generality, we 
consider the highest weight vector in the [0, A, 0] multiplet carrying charge A under 
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the U{1)r subgroup for which the complex scalar field in the N" = 4 vector multiplet 



Z = + i(j)2 

is the only one charged]^ 

Chiral primary operators involving only Z are given by G-invariant polynomials of 
Z, and form a ring. The ring multiplication law is the usual operator product. These 
operators are part of the usual M = 1 chiral ring, and are the lowest components of 
chiral superfields with respect to a particular M = 1 subalgebra of A/" = 4. This ring 
has as many generators as the rank r of the group G. Let us denote the polynomials 
generating the G-invariant ring by 

Pi(Z),P2(^),...,P.(^). (2.5) 

The degrees {z/j} = {z/i, . . . , i/^} of these polynomials Pi{Z) are the set of positive 
integers that appear as the order of the Casimirs of g|§ 

In a group G admitting a Casimir of order z/, there exists a rank-z/ invariant sym- 
metric tensor on the Lie algebra, which we denote by -ft"ai...a„, where = 1, . . . , dim(G). 
Each generator of the chiral ring (12. 5p can be written in terms of such a tensor as 

P{Z) = K{Z, ...,Z) = Ka,...a.Z''^ . . . 

where Z = Z^-Ta, and Ta are the generators of the Lie algebra. We list the generators 
of the ring for several choices of G in Appendix [Bl 

The most general chiral primary operator constructed from Z is then given by 

OA^^PAiZ), (2.6) 
9 

wher^ 

r 

PA{Z)^l[P,{Zf^, (2.7) 

i=l 

and Ni are non-negative integers. In our convention a chiral primary operator (12.61) has 
an explicit coupling constant dependence, while the polynomials Pi{Z) do not depend 



The other operators in the [0, A, 0] multiplet for any A take the form C''^'"^'^ Ka-^...aA4'i^ ■ ■ ■ 7 
where C"^ --'^ is a symmetric traceless tensor and Kai...aA is defined by P{Z) — Kai...aA^'^^ ■ ■ ■ Z"^^. 

^More precisely Vi are the order of those Casimirs which generate the center of the universal 
enveloping algebra. The integers Vi — 1 are known as the exponents of G. 

^In order to not clutter notation we do not make explicit the dependence of the operator on {Ni\. 
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on the coupling as explained in Appendix [Bl The conformal dimension of the chiral 
primary operator fl2.6p is given by 



A = ^NiPi. 

i=l 

Therefore the spectrum of conformal dimensions is determined by the order of the 
Casimirs of G: 



Group G 


Order v of Casimirs 


An-i = SU{n) 


2,3, ... ,n 


Bn = S0{2n+l) 


2,4, ...,2n 


Cn = Sp{n) 


2,4,. ..,2n 


Dn = S0{2n) 


2,4, . . . ,2n - 2,n 


Eq 


2,5,6,8,9,12 


E7 


2,6,8,10,12,14,18 


Es 


2,8,12,14,18,20,24,30 




2,6,8,12 


G2 


2,6 



Table 1. Casimirs for simple Lie groups. 



We are interested in the behaviour of chiral primary operators under the action of 
S-duality, which exchanges the gauge group G with the dual gauge group ^G 

G< — >^G. 

As in [To] we use the metric, normalized so that short coroots have length \/2, to 
identify the Cartan subalgebra of each group with its dual vector space, denoted by t 
and H for G and ^G respectively!^ For the dual groups G and ^G, there is by definition 
a linear transformation 

i-^h (2.8) 

that maps roots of G to coroots of ^G. We denote this map by 71,^^7^, where rig = 1, 2 
or 3 is the ratio of the length-squared of the long and short roots in the Lie algebra 

''Here we use the metrics on t and to identify t with t* and with ^t*, respectively, while we 
make explicit the isomorphism 7?, : t ^t. In [Mj and [15] another convention was used where t* and 
^t were taken to be equal, while the isomorphisms t ^ t* and ^t ^t*, constructed using the metrics 
were made explicit. 
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and 7^ is a norm-preserving linear transformation. The transformation n/ Tl~^ maps 
roots of to coroots of G. The transformation TZ is unique up to the action of the 
Weyl group [6] . For simply laced groups, 71 can be taken to be the identity operator. 

The conjecture P [lEl is that the ring generators, and therefore all operators 
in the chiral ring for gauge groups G and ^G are mapped into each other under the 
action of S'-duality. The precise proposed mapping is 

Oa = -^PAiZ) ^ ^Oa = j^'-PaCZ) , (2.9) 
9 9 

where the ^G-invariant polynomial ^Pa of E ^Qc is uniquely determined by Pa 
through the relation 

P^(A) = ^PA(7^A), VA G t. (2.10) 

The conjectured action of S'-duality on chiral primary operators (12. 9p is consistent with 
the mathematical fact that {z/j(G)} = {z/j(^G')}. For all gauge groups, G and ^G share 
the same Lie algebra except for 5*0(272+1) and Sp{n). Their Lie algebras are exchanged 
under S'-duality and have the same set of orders for Casimirs as seen in Table 1. Other 
For G = U{n) = ^G, the map I^M) is simply given by g-^trZ" ^ {^gytii^Zy . See 
Appendix [B] for more details on the S'-duality map of chiral primary operators. 

We note that for any choice of gauge group G there is a universal A = 2 chiral 
primary operator 

02 = \tTZ\ 

9^ 

where tr(- ■) is the invariant quadratic form on q whose restriction to t is the metric 
on the subalgebra. It was shown in [13] using supersymmetric Ward identities that 
the correlator of a circular loop operator L with O2 can be related to the correlator 
(12. 4p of the same circular loop operator with the stress-energy tensor T^j^, which also 
universally exists for any choice of G. This allows us to compute the scaling weight hi 
of a circular 't Hooft and Wilson loop operator in A/" = 4 super Yang-Mills with gauge 
group G in terms of the conformal dimension two chiral primary operator coupling S2 
(12. 3p using the formula [13] 




(2.11) 



3 Quantum 't Hooft loop correlators 

In this section we compute the correlation function of a circular 't Hooft operator with 
an arbitrary chiral primary operator Oa{Z) in A/" = 4 super Yang-Mills with gauge 
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group G. We give explicit formulas for Sa (12.31) and for the scaling weight hx of the 
circular 't Hooft operator to next to leading order in the weak coupling expansion. 
Before delving into the details of these computations we first give a minimal discussion 
of 't Hoof operators in AT = 4 super Yang-Mills. 

An 't Hooft operator inserts a magnetically charged source into the theory. In a 
theory with gauge group G an 't Hooft operator is labeled [7] by a representation 
of the dual group ^G [6j. We denote an 't Hooft operator labeled by a representation 

by T{^R). 

A circular loop operator in a conformal field theory in preserves an SU{1^ 1) x 
SU{2) group of symmetries. Explicit computations with a circular 't Hooft operator 
T{^R) are conveniently performed by conformally mapping the theory from to 
AdS2 X S*^, where AdS2 is modeled by the Poincare disk. The symmetries preserved 
by the circular 't Hooft operator are made manifest in AdS2 x S*^, as they act by 
isometrics. In 74^5*2 x S*^, the loop operator is supported at the conformal boundary 
of AdS2 X 5^, identified with the circular boundary of the Poincare disk. 

The insertion of an 't Hooft operator T{^R) at the conformal boundary of AdS2 x S"^ 
creates the following classical field configuration [7] 

F° = |vol(S^) + zg'e-^^vo\{AdS2), 0? = If |r| . (3.1) 

The coefficient B = B^Hi G t takes values in the Cartan subalgebra of the Lie algebra 
Q associated with the gauge group G. Via (12. 8p B can be identified |6j with the highest 
weight of a representation ^R of the dual group ^G, justifying the labeling of 't 
Hooft operators in terms of representations of the dual group [7j. The insertion of an 
't Hooft operator creates quantized magnetic field, and when ^ 7^ it also generates 
an electric field, as the monopole that is being inserted acquires electric charge via the 
Witten effect [T7]. Without loss of generality, we have chosen the single scalar field 
that is excited by the circular 't Hooft operator to be 0i. 

In order to compute the correlation function of T{^R) with a chiral primary oper- 
ator 0/^{Z) a quantum definition of the 't Hooft operator is required. This quantum 
definition was proposed in [8], where it was used to explicitly compute the expectation 
value of T{^R) to next to leading order in perturbation theory and to exhibit the con- 
jectured action of 5'-duality on circular 't Hooft and Wilson operators in A/" = 4 super 
Yang-Mills@ 

^The paper [18] considered semiclassical quantization of 't Hooft line operators in a holomorphic- 
topological twisted version of A/" = 4 super Yang-Mills and obtained the associated Hilbert spaces by 
calculating the zero-modes around the background field configuration. 
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The basic proposal in [8] is to define the gauge invariant 't Hooft operator by a path 
integral quantized in the background field gauge expanded around the background (13.11) 

0/ = 0? + 0/ . 

In this path integral one must integrate over all quantum fields (gauge fields, scalars, 
fermions and ghosts) with the boundary conditions specified by (I3.ip The classical 
field configuration (13. ip created by the 't Hooft operator T{^R) breaks the G-invariance 
of the theory to invariance under an stability group H (Z G. The choice of S G t, 
which characterizes the background, determines the unbroken gauge group H. This is 
generated by those x G g for which 

[x,B]=0. (3.2) 

In order to have a path integral definition of the 't Hooft operator Ti^R) which is gauge 
invariant, we must integrate over the G-orbit of i? G t along the loop. This integration, 
which we include in our definition of the path integral measure, restores G-invariance. 
The integral we must perform is over the adjoint orbit of B 

0{B) = {gBg-\ gGG}, (3.3) 

We refer the reader to |8J for more details on the path integral definition of an 't Hooft 
operator. 

Using the path integral prescription in [S] , we now proceed to compute the correlator 
of an 't Hooft operator T{^R) with an arbitrary chiral primary operator 0/^{Z) in 
M = 4 super Yang-Mills with gauge group G. When the theory is defined on AdS2 x S"^, 
conformal invariance implies that the correlator is given by 

(Tj^R) ■ 0^)G,r ^ .... 

{Tm)c,r - ' ^^-^^ 

where Sa is a function that depends on the representation ^R of the 't Hooft operator, 
the complexified coupling constant r and the choice of gauge group G. 

We evaluate this correlator by expanding the path integral representation of the 
correlator (13. 4p around the classical field configuration (13. ip created by the 't Hooft 
operator T{^R). To next to leading order in perturbation theory it suffices to expand 



^The definition of the 't Hooft operator in terms of an A/" = 4 super Yang-Mills partition function 
on ^^5*2 X 5^ is reminiscent of Sen's definition of the quantum entropy function [THl UHl HIl IIH 123] 
in terms of the string theory path integral on AdS2, which encodes the macroscopic degeneracy of 
states of extremal black holes. It would be interesting to understand whether a direct physical relation 
between the two path integrals exists. 
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the gauge fixed A/" = 4 super Yang- Mills action and the operator insertion Oa{Z) to 
quadratic order in the fluctuations. We then proceed to integrate over the quantum 
fluctuations at one loop. 

The chiral primary operator Oa = g~^P/^{Z) can be expanded around the back- 
ground (13. ip by decomposing the complex scalar field Z in a basis of Lie algebra 
generators through Z = Z°-Ta, where a = 1, . . . dim(G'). To quadratic order in the 
fluctuations we 



9\r\ 
Stt 



Pa{B) + ^Z'^daPAiB) + I Z-Z'dad,PA{B) 



(3.5) 



where we have used that Pa{Z) given in ( 12. 7p is a polynomial of degree A. We note 
that the scalar field Z = (pi + i(f)2 involves a scalar field (pi that is excited in the 't 
Hooft operator background (13. ip and another one 02 that is not. 

The correlator to next to leading order in perturbation theory is then given by 



{T{^R)OA)G,r fg\r 



{Tm)G,r V Stt 



Pa{B) + i (^-^^ dad,PA{B){rA - ^2^1) 



(3.6) 



where (0^0^ — 0202) difference between the scalar propagator for 0i and 02 in the 

't Hooft operator background (13. ip . In arriving at (13. 6p we have used that {Z"') = 
as well as (0i02)=O, which follows from 5*0(5) invariance of the 't Hooft operator 
background (13.11) . 

The first term in (13. 6p is the leading semiclassical approximation, where the chiral 
primary operator is evaluated on the classical field configuration (13. ip . The second 
term is the one loop correction. At one loop we must sum over all possible contractions 
between two fields in the operator Pa{Z), while the remaining A — 2 scalar fields in 
the operator are to be evaluated on the classical background (13. ip . The second term in 
(13. 6p sums over all possible contractions between two scalar fields, which are connected 
by the scalar field propagator on the 't Hooft operator background. What we need is 
the difference of propagators 

(0?0? - 0^0^2) = iWl - ?#2)0 + (0?0? - 0^01)0. (3.7) 

where all the fields are evaluated at the same spacetime point. On the right hand side 
we have separated the contributions of zero modes from those of non-zero modes. 

We now argue that the second term in the right hand side of (13.70 vanishes, i.e., 
the non-zero modes cancel out in the difference of propagators. When we introduce an 



^°This correlator with an 't Hooft operator replaced by a surface operator [13] (see also [53]) was 
evaluated in the leading semiclassical approximation in [25 . 
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IR cut-off to discretize the spectrum, the second term takes the form 

- 0202)0 = E f /fn(^)/ln(^) ' E " /2l(^)/2™ (3-8) 

n m 

Here /2m, (^) is the normahzed eigenfunction of the scalar Laplacian in the background 
(13. ip with eigenvalue ujm- This is the hnearized operator for fluctuations of the scalar 
field 0f . For 0", note that the quadratic terms in the gauge- fixed action mix with 
gauge the field fluctuations (see |8j for the precise form of the gauge fixed action). 
Thus is a component of the vector- valued eigenfunction for the relevant differential 
operator with eigenvalue A„,. The eigenf unctions /f„ and /^^ are non-constant, since 
they are non-zero modes. On the other hand, the symmetries of AdS2 x S'^ dictate that 
the total expression (13.81) . which is finite, has to be constant in the limit that the IR 
cut-off is removed. This implies that the non-zero modes of 0" and 02 have to cancel 
out in (13.81) in the limit that the regulator is removed, and therefore we can drop the 
second term in the right hand side of (13. 7p and focus on the zero-mode contribution. 

We now proceed to show that zero modes, which are constant, give a non-trivial 
contribution to the correlation functions. As we have already mentioned, the back- 
ground (13. ip created by the insertion of an 't Hooft operator T{^R) breaks the gauge 
group G down to a subgroup H. It was argued in [8] that in order to make the 't 
Hooft operator T{^R) gauge invariant one must integrate over the G-adjoint orbit of B 
(13. 3p . obtained by the action of G on the classical background (13. ip . Conjugating the 
scalar classical background (13. ip generates quantum fluctuations which are associated 
with zero modes of the quadratic operator for 0i. The fluctuations generated by a 
G-transformation are given by 

2 2 

0i = (55|-|r|^z[e,i?]|-|r| eeg. (3.9) 

87r 87r 

We can identify the non-vanishing fluctuations by writing the Lie algebra g in the 
Cartan basis {Hi, Ea}, where the generators Hi span the Cartan subalgebra t C and 
Ea are ladder operators associated to roots a of the Lie algebra q. In this basis ^ takes 
the form ^ = + ^"-Eq. Since B = B^Hi is in the Cartan subalgebra we have that 
the non- vanishing scalar field fluctuations are 

01= V aiB)CE^f\T\, (3.10) 

where we have used the commutation relation [A, i?Q,] = a(A)i?Q,, valid for any A G t. 
The sum in (I3.10p is over all the roots a that do not annihilate B, as those which 
do annihilate B do not contribute. This implies that these fluctuations (13.10p are 
labeled by the coset space G/H, where if C G is the subgroup that preserves the 



13 



field configuration (13.11) created by the 't Hooft operator T{^R). This follows from the 
definition of H given in fl3.2p . which is generated in the Cartan basis by {Ea\a{B) ^ 0}. 
Therefore, the coset space G/H parametrizes the space of zero mode fluctuations of 
the scalar field d)^ . 



The path integral representation of the correlation function (13 ■4p is gauge invariant 
once we integrate over the zero mode fluctuations of the scalar field 0i obtained from 
the classical background (13.11) by the action of G. The integration measure for these 
modes follows from the quadratic form defined by the J\f = 4 super Yang-Mills on- 
shell action evaluated on the 't Hooft operator background (13.10 . We recall that the 
renormalized, on-shell action is given by [8] 



S 



tr(52 



' 2| |2 

-9 rl 



(3.11) 



and defines the quadratic form from which the propagator can be computed. We 
first note that fluctuations of B along root directions can be expanded as 6B = 
^^^oiS B"Ea + 6B-"E_a). Using the on-shell action (I3TTD we get that 



{SB'^SB-") 



2| 


a 


2 


9' 


r 


2 



(3.12) 



where we have used that trEaE^a = 2/|ap, and where |ap = {a, a) is the length of 
the root a computed using the restriction of the metric on q to the Cartan subalgebra 
t. The propagator for the scalar field fluctuations is given by 

2 

;,° 0-")o = {SB'^SB-'') 



9^\t\ 



Stt 



Therefore, using (13.121) we arrive at 

(0? 0r")o 



327r2 



\a\ 



(3.13) 



Since only the zero-modes of 0i contribute, (13.61) simplifies to 

{n^R)-0^{Z))G,r _f9\r\\^ 



{T{LR))G,r \ »vr 

and using (I3.13P we obtain 



PAiB) + 



J2 '9.^-aPA(5)(0?0r")o 



«>0 



Stt 



Pa{B) + ^--^ V \a\'d^d^^P^iB) 



q(B)^0 



. (3.14) 
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By using the relatioij^ 

a-dPA{X) = a%PAi\) =aiX)d^d^^PA{X), VA G tc, (3.15) 
= 2q;/|q;P is the coroot corresponding to a, we can further rewrite 



where a = [Ea, E. 
the correlator as 



(T(^i?) ■ OA)G,r fg\r 



in 



[a, a) 



E 



. (3.16) 



This is the final result to next to leading order in perturbation theory for the correlator 
of an 't Hooft operator T{^R) and an arbitrary chiral primary operator in A/" = 4 
super Yang-Mills with gauge group G. 

As illustration of the general result 03.161) , let us consider the case with gauge group 
G = U{n), for chiral primary operator Pa = tiZ^ and for 't Hooft operator labeled by 
the highest weight B = diag(mj) with mi > m2 . . . > m„. In this case, the correlation 
function is given by 



(T([mi, m2, . . . , mj) ■ Oa)g,t 



(T([mi,m2, . . • ,m„])) 



G,- 



in 



,A-1 



,A-1 



rrii 



Using the formula (12.111) . that follows from a supersymmetric Ward identity [13], 
we can obtain the scaling weight of an arbitrary 't Hooft operator T{^R) from the 
correlator of the 't Hooft operator with the A = 2 chiral primary operator. The one 
loop expression for the scaling weight of an 't Hooft operator in A/" = 4 super Yang-Mills 
for an arbitrary gauge group G is given by 



'R,t) 



487r2 



ti{B^ 



dim{G/H) 



(3.17) 



The second term is the first quantum correction to the classical computation considered 



m 



^^This can be shown by expanding the equation P{gZg^^) — P{Z) with g = exp (iCHi + i£,"Ea) 
for sniaU ^. 

^^In the formula for the scaUng weight of the BPS 't Hooft operator in [7], the sign for the gauge 
field contribution should be changed. With this modification taken into account, our leading result in 
p.l7p is consistent with ^. 
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4 Wilson loop correlators at strong coupling 



In this section we perform the strong couphng expansion of the correlator of the circular 
Wilson loop operator [26l [27] 



It was first noticed in [28] that, in Feynman gauge, the combined propagator for the 

gauge field and the scalar between two points on the circle is position-independent (also 
independent of the radius a of the circle), and that Feynman diagrams with internal 
vertices cancel to leading order in perturbation theory. This led to the remarkable 
conjecture that the expectation value of a circular Wilson loop operator in A/" = 4 
super Yang-Mills is captured by a matrix integral [28l [29] , which has now been proven 
in [30] using localization. 

In [31], it was shown to leading order in perturbation theory that Feynman dia- 
grams with internal vertices contributing to the correlator (14. ip vanish, also leading 
to the conjecturJ^ that loop corrections arising from internal vertices cancel to all 
orders in perturbation theory!^ This conjecture implies that all quantum corrections 
to the correlator (14. ip are due to ladder diagrams, reducing the sum over all Feynman 
diagrams to a combinatorial problem [31]. This combinatorics is exactly captured by 
a complex Gaussian matrix model defined by a partition function where the complex 
matrix z is an element of the complexified Lie algebra Qc [32] . The same matrix model 
also computes [32| the two, and three-point functions of local chiral primary operators 
in A/" = 4 super Yang-Mills of the form O/^ = g~^P/^{Z) as in (12.61) . where Pa is 
a G-invariant polynomial (12. 7p . Therefore, the correlator of the circular Wilson loop 
W{R) with the chiral primary operator O/^ is conjecturally given bj0 



^•^The large N conjecture for the correlators of half BPS Wilson and local operators has been tested 
extensively using AdS/CFT [SU [32l [33l [13] . Given that the finite N version of the conjecture for the 
expectation value has been proven, it seems likely that the conjecture for the correlator also holds for 
finite rank, and that it can be proven using localization. Progress in this direction has been made 
recently in [35 l [36 l [37] . 

^"^See [35 for an extension to the correlators of 1/4 BPS Wilson loops and half BPS local operators. 
-•^^This is the form of the correlator when the theory is defined on AdS2 x S^. In we should 
further divide by as in (I2.3|l . 




(4.1) 





(4.2) 
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where [dz] is the measure on the complexified Lie algebra Qc- We use this matrix model 
representation to compute the correlator (14. ip in the strong coupling expansion. 

It is possible to rewrite this complex matrix model as a normal matrix model, where 
the integration is performed over the elements z in the complexified Lie algebra that 
commute with its conjugate variable: [z,z] = 0. The normal matrix integral can be 
further restricted to the complexified Cartan subalgebra tc- This is shown in Appendix 
Ofor an arbitrary gauge group G, thereby generalizing the derivation in Appendix A of 
[32] , where the case G = U{n) was studied. The precise relation between the complex 
matrix model and the normal matrix model is given by 



\dz\e 



2 



tr(2z) 



0C 



[dz\e 



2 

"7^ 



Be 



tr(-zz)r-r^ £+£ 



n[v)e 8 



— {v,v) 



[dz] 



A\v + -z 



e Pa \v + -z 
9 



n[v)e 8 



{v,v) 



[dz] 



/\\v + -z 



-{z,z) 



(4.3) 



where 



A(z) 



l[a{z) 



a>0 



generalizes the Vandermonde determinant that appears in the G = U {n) case, and ( , ) 
is the restriction of the metric tr(- •) to the Cartan subalgebra t. In order to derive 
(14. 3 p we have expressed the insertion of the character Tr^j in the representation R 
as a sum over the weights v in the representation R of the gauge group G, and n{v) is 
the multiplicity of the weight v in the representation R. 

In the strong coupling limit, the terms with weights v in the Weyl-orbit of the 
highest weight w in the representation R dominate, as {v, v) is maximal for these. The 
leading term at strong couping is simply given by P{w). To study corrections, it is 
convenient to split A{z) as 



A{z) = Ag/h{z)^h{z 



where 



^g/h{z) 



a>0 



f3>0 
{f3,w)=0 
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The correction to next to leading order in the strong couphng expansion, where g ^ 1, 



comes from the contraction of z'^diP^ = z ■ dP^ with z ■ dAn/ur^\ 
This computation yields 



{WjR) ■ 0a)g, 

{WiR))G,r 



(4.4) 



This is the final result to next to leading order in the strong coupling expansion of the 
correlator of the circular Wilson loop W{R) with an arbitrary chiral primary Oa in 
A/" = 4 super Yang-Mills with gauge group G. 

By using the formula (12.111) . we find that the scaling weight of a circular Wilson 
loop W{R) at strong coupling is given by 



hw{R,T) 



487r2 



{w,w) + — dim(G'/if) 



(4.5) 



where w is the highest weight in the representation R. 



5 /S-duality of correlators 

In this section we demonstrate that the computations we have performed for 't Hooft 
and Wilson loop correlators in the previous sections exactly map to each other under 
the conjectured action of S'-duality. These results exhibit S'-duality in A/" = 4 super 
Yang-Mills with arbitrary gauge group G on correlation functions, and extends the 
recent results in [8j, which demonstrated that the expectation value of a circular 't 
Hooft operator and a circular Wilson operator are exchanged under electric-magnetic 
duality. 

In section 121 the correlator of a circular 't Hooft loop operator T(^i?) and a chiral 
primary operator = 9~^P/^{.Z) was calculated to next to leading order in the weak 
coupling expansion, yielding the result (I3.16p . which we reproduce here: 



{T{^R) ■ OA)G,r [9\r 



8% 



Pa{B) + 



E 



(a, a) 
a{B) 



a-dPA{B) 



(5.1) 



^^The contraction of z ■ dP with /? • z in Ah{z) gives a vanishing contribution due to (|3.15p . There 
are other contractions at the same order, but they cancel between the numerator and the denominator. 
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In order to demonstrate S'-duality, we need the result of the correlator for the dual 
operators in the theory with gauge group and coupling constant ^t. Using the 
computation in (I4.4p . we find that the strong coupling expansion of the correlator 
of a circular Wilson loop operator Wi^^R) and the chiral primary operator ^(9a = 
{^gy^ ■ ^Pa{^Z) is given by 



T \ A 

A 



a 



'w) 



(5.2) 



We recall that under S'-duality 



2 I 1 2 



(5.3) 



and the gauge groups G and ^G are exchanged. Also, as discussed in section [21 S'- 
duality induces the following transformations 



w 



a 



n. 



n. 



n. 



'1/2 
-1/2 



(5.4) 



n{a) 



where a = 2a/\a\^ is the coroot corresponding to a and TZ is the linear transformation 
defined in fl2.8p . The two expressions in fl5.ll) and (15.21) map into each other under the 
transformations (15.31) and (15.41) . 

In [S], the prediction of S-duality for the expectation values of loop operators 

{T{'^R))G,r={W{''R))LGL,, (5.5) 

was demonstrated to next to leading order in the coupling constant expansion. By 
combining this with the above agreement, we conclude that the 't Hooft and Wilson 
loop correlation functions transform as predicted by S'-duahty 



(T(^i?) ■ 0^)G,r = {Wi'^R) ■ ''0^)lg,w . 



(5.6) 



We have explicitly exhibited this to next to leading order in the coupling constant 
expansion. Furthermore, this implies that the semiclassical scaling weight of the 't 
Hooft operator (13.171) exactly reproduces the scaling weight of the dual Wilson operator 
evaluated at strong coupling (14. 5 p under the action of S'-duality: 



hTi'-R.r) 



hwC-R^r) 



(5.7) 
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These are the main results of this paper. 

Finally let us discuss the OPE coefficients. In Appendix |D] we show that the two 
and three-point functions of chiral primary operators are invariant under S-duality. 
Since the OPE coefficients and the correlators of a loop operator with a chiral primary 
operator are related by the matrix of two-point functions of the local operators, our 
results imply that the OPE coefficients fll.3p also match up to the next-to-leading order 
under the S'-duality transformation: 

&A(''i?,r) = V(^i?/r). (5.8) 

We have thus found the precise matching under ^-duality of a number of physical 
observables involving circular 't Hooft and Wilson loop operators. This provides a 
quantitative demonstration of the action of electric-magnetic duality on correlation 
functions in A/" = 4 super Yang-Mills with an arbitrary gauge group G. 
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A Weyl transformation between metrics 



In this Appendix we discuss the Weyl transformation relating and AdS2 x S"^. 
Let us parametrize using two sets of polar coordinates so that 

ds^i = dr^ + r'^dijj'^ + dx'^ + x'^d<f. (A.l) 

These coordinates are relevant for a circular loop, which we take to be located at r = a 
and X = 0. By making the following change of coordinates 

^ _ (r^ + - + Ao?x'^ _ 

4a^ (coshp — cos6')^ ' (A 2) 

r = r sinh p , x = r sin 6 , 

we find the metric 

dsl^ = ^ {dp^ + sinh^ p d^^ + dO"^ + sin^ dcj)"^) , (A.3) 

which is conformal to AdS2 x S'^ in global coordinates. Note that the loop, which was 
located at r = a, x = in R^, gets mapped to the conformal boundary of AdS2 x S"^, 
namely the boundary of the Poincare disk. 

In the absence of conformal anomaly, a dimension A scalar operator O/^ transforms 
as r'-^O^ under the Weyl transformation (lA.Sp . This proves the position 

dependence ( 12.31) of the correlator on M^. The same Weyl transformation can be used 
to write down the form of the correlator of the loop operator with the stress-energy 
tensor on R'^ from the AdS2 x 5*^ correlator (12. 4p . 



B Chiral primary operators and /S-duality 

Chiral primary operators and their S-duality transformation in A/" = 4 super Yang- 
Mills with gauge group G play a central role in the current work. In this Appendix we 
supplement the minimal amount of information given in section [2] with more details 
and examples. 

Let us consider the subspace of the Coulomb branch where only the combination 
of scalar fields Z = (pi + i(j)2 is excited. The gauge group G is generically broken to 
U{lY, and Z takes expectation values in the Cartan subalgebra tc, and are identified 
by the action of the Weyl group. 
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The massless fields ip^ relevant to us are the components of Z in the Cartan subal- 
gebra directions. Let us canonically normalize them by expanding Z as Z = g^p^Hi so 
that the kinetic term in the Lagrangian reads 

C=\d,iff + .... (B.l) 

Since the low-energy physics is that of an abelian theory with gauge group U{lY, 
^-duality acts as ordinary electric-magnetic duality. To see how this works let us 
consider the dual theory with dual gauge group ^G. If we expand the dual scalar as 
^Z = ^(p^ ^Hi, the kinetic term is 



^£=|a,Vt + .... (B.2) 



We identify ^(p with ip via 



V = T^^P (B.3) 

using the linear transformation introduced below (12. 8p . The map TZ is norm-preserving 
as necessary for the invariance of the kinetic term, and the choice of TZ is unique up to 
the Weyl group action. 

The gauge invariant coordinates of the moduli space for the original gauge theory 
are provided by the r generators Pi of the invariant polynomial ring (12.51) . They should 
be identified with the gauge invariant coordinates in the dual theory according to 

^P,(V)=P.M. (B.4) 

In terms of the scalar Z whose normalization is such that it has a kinetic term 
g'Hrld^Zd^^Z), and its counterpart for ^Z in the dual theory, the 5'-duality map of 
the chiral primaries is given by 

^ ^P,{%^^n{Z). (B.5) 



This explains the coupling dependence in (12.91) . 

In the following we illustrate our considerations by explicitly writing down chiral 
primary operators for several choices of gauge group. Note that G-invariant polynomi- 
als on 0c and Weyl-invariant polynomials on tc are in one-to-one correspondence. For 
exceptional groups it is more convenient to use the latter description, and this is what 
we do below. 

• G = SU{n). 

In this case the generators of the chiral ring are simply single trace operators 

P,(Z)=trZ*+\ i = l,2,...,n- 1 (B.6) 

with z/j = z + 1. 
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• G = S0{2n + 1) and G = Spin). 

For these groups, the trace of an odd power of the matrix Z vanishes. Thus the 
generators are given by the trace of the even powers of Z: 

Pi{Z)=tTZ^\ i = l,2,...,n. (B.7) 

Their conformal dimensions are given by i/j = 2i. The Lie algebras of the two 
gauge groups are exchanged under S'-duahty. 

• G = S0{2n). 

For the even orthogonal group, in addition to the trace of an even power of Z's 
one can consider the Pfaffian. The generators are 

Pi{Z)=tTZ^\ i = l,2,...,n-l, (B.8) 
P„(Z) = Pf(Z) = -Le^i^-— ^-Z,,,, . . . (B.9) 

These have conformal dimensions Ui = 2i for i = 1, . . . ,n — 1, and z/„ = n. 

• G = G2. 

Here we choose to be less explicit and describe chiral primary operators in terms 
of Weyl invariant polynomials on t. The Cartan subalgebra t is two-dimensional 
and can be identified with the plane xi + X2 + X3 = in R'^. The Weyl group is 
generated by the permutations of the Xj's and the overall sign change. Thus as 
generators of the Weyl-invariant polynomials on t, we can take [TU] 

Pi=xl + xl + xl, P2 = xjxlxl (B.IO) 

with i^i = 2,1^2 = 6. According to (12.101) . under S'-duahty they transform to 

^Pl = Pl, ^P2 = -P2 + lp3 (B.ll) 

since TZ acts as (xi, X2, x^) t-^ 3^^^'^{x2 — 0:3, Xi — X2, X3 — Xi) [TO] . 



C Complex and normal matrix models for any G 

The aim of this Appendix is to derive the relation between the complex and normal 
matrix models for general G, as used in ( 14.31) . This is done by generalizing the derivation 
of the relation in the U{n) case given in |32j . 

First we decompose the complex variable z into the real and imaginary parts: 

z = x + iyeQc, x,yeQ. (C.l) 
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Then the complex matrix model integral is defined by 

A(tra;2+tr2/2) 



7p = y [dx\[dy]e-^''''^ ^Trfle^P(x + zy), (C.2) 

where P is an arbitrary invariant polynomial on 0c- Let us introduce an orthonormal 
basis Ta of q satisfying 



and write 



The measure is then 



By writing 



tr(r„r6) = (C.3) 



x^x'^T,, y^y^Ta. (C.4) 



[dx][dy]^Y[dx''dy''. (C.5) 



P{x + iy)^^y''^P{x), (C.6) 



we can integrate out y so that the integral is now 

(2\ dimG/2 » 2 
^ j / He-^'''"'Trfle^e-Vv^p(x). (C.7) 

Here Vg is the Laplacian on g. To further reduce the integral, let us represent as a 
fibration oi G/T over t (the fibration degenerates on a set of measure zero): 

x^g-'Xg, geG, (C.8) 

where T is the maximal torus of G. Here A G t, and g parametrizes the fiber, which is 
the adjoint orbit of A. If we expand g~^dg as 

g-'dg^i{dCHi + dCHa) (C.9) 

in the Cartan basis, the metric is then 

dsl ^dsl + 2j2 a{X)hr{E^E^^)dCdC'^. (C.IO) 

a>0 

Let us normalize so that (ifj, Hj) — Sij. We can write the Laplacian on g as 
1 ^ d 

= A(A)^9A^^^^^'9A^ + (derivatives in G/T-directions) , (C.ll) 
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where 

A(A) = n«(A). (C.12) 

Note that A (A) is skew-symmetric with respect to the Weyl group. In fact any skew- 
symmetric polynomial has to be divisible by A (A) because such a polynomial vanishes 
along the hyperplane a(A) = fixed by the Weyl refiection associated with a. Since 
the metric on t is Weyl invariant, the polynomial 

is also skew-symmetric. The polynomial however has a lower degree than A, so it has 
to vanish, i.e., A is harmonic on t [38]. Using the fact that A is harmonic, we can write 

Vg = -^^^\^^^) + (derivatives in G/T-directions). (C.14) 
Also note that the quotient metric on GjT is given by 

ds%iT = 2 XI tr(E„E_^)drt^r"- (C.15) 

a>0 

Hence the volume form on the orbit of A is given by 

A(A)2vol(G/r), (C.16) 

where vol(G'/T) is the volume form on G/T constructed from the metric fIC.lSp . Thus 

V^^y''"^/' Vol(G/ T) 
2 ) |W| 

where | >V| is the order of the Weyl group W, and [dA] = dX\ In order to keep the 
equations simple, from now on we will neglect those prefactors which cancel in (14. 3p . 
Let us define r] = —X. Then 



^[t;A]A(A)'e"^^^'^^Tr^e^A(A)-ie-^^'A(A)P(A), 



Ip oc j[dT]]A{r])e-^'''''^TTRe^\-i'^'A{r])P (^-^V^ ■ (C.17) 



Using the identity 



e--^^'f{ri) = e^"'f ("^ — ^ ) e-^^r (c.i8) 



that holds for any function f{ri), we get 

Ip oc ^[dr/]A(77)e-5<^''?)Tr«e^'' 



^p(^('--'-^)]A(^--'-^)e-'^i^^^K (C.19) 
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, ,'?7* Id 



Using flC.lSP and harmonicity, we can write 

|(r;fl> = A (77)6-5 := ^[r]). (C.20) 

Z, Ulj" J 

Then the integral is now 

Jp oc J[dmv)TrHe^^'P (| " ^^)) ^(^)- (C.21) 
The differential operator can be interpreted as creation operators in an oscillator system 

[ai,a]] = Sij. (C.22) 

Thus "^{r]) is the wave function for the state |\Ef) oc A(a^)|0). The integral now takes 
the form 



Ip oc (vl/|Tr«et('^+'^')P (|at) \^) 



y^n(t;)(^|e" 



3 (Mgf^'{a)gf^(at)p /^^^t 



P (|at) |vl/), (C.23) 



where in the second line we wrote the character as a sum over weights v with multiplicity 
n{v). By using the completeness of coherent states 



1 oc f Yld^z'\z){z\, a'\z) =z'\z), 

i 

we can write the integral as 



(C.24) 



Ip oc 



(p oc 7 n[v]e 8 

V 



(C.25) 



Since we are interested in the strong coupling limit, we further transform the normal 
matrix model into a form where the strong coupling expansion is easy to perform by 
shifting z ^ z + \gv in (1C.25P : 



Ip (X } n(v]e 8 

V 



^-"^""^ I [dz] 



I\\v + -z 
9 



(C.26) 



Here we have identified t with t* using the metric. By taking the ratio /p//i, we obtain 
the relation (14.31) . 
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D /S-duality of 2- and 3-point functions of CPO's 



In this Appendix we show that the two and three-point functions of chiral primary 
operators C^''(see eqn. (12.61) ) transform according to the S'-duahty conjecture 

{Oi'> ■ of)a,r = {'0^1'> ■ ^T)^G,w , (D.l) 

{Oil ■ ■ of,^Ajo,r = {'oil ■ 'oil ■ ^'L^>G,r ■ (D.2) 

These correlation functions, which are independent of the couphng constant, can be 
computed using a complex Gaussian matrix model where the matrix z takes values in 
the complexified Lie algebra Qc [32]. 

The spatial dependence of the correlator is fixed by conformal invariance and the 
two and three-point correlators are given respectively by the matrix integrals 



^ — (D.3) 



[dz]e' 



-ti(zz) 



and 



. (D.4) 



[dz]e' 

0C 



-tr(zz) 



Any complex matrix -2 G flc can be decomposed as 

z = gbg-' beb, geG, (D.5) 

where b belongs to the Borel subalgebra b = tc © (©a>o0a) of 9c, and Qa is generated 
by the raising operator in the Weyl basis. The Borel subalgebra generalizes the 
subgroup of upper triangular matrices in u{n)c to an arbitrary Lie algebra 0c- 

We recall that the an invariant polynomial P{z) can be written in terms of a rank-A 
invariant symmetric tensor on the Lie algebra as 

A 

P{z) = K,,...a^z''^ ...z''^= ir(^r^) • (D.6) 

We claim that when P is evaluated on an element of the Borel subalgebra b E b, P 
is just a function of the field components A in the Cartan subalgebra tc- This follows 
from the fact that -ft'ai...aA is an invariant tensor on g, which implies that 

A 

^ K{zi, . . . , 2z_i, [z, zi],zi+i, ...,za) = 0. (D.7) 
1=1 
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If we let zi = Eaj^, . . . ,Zs = Ea^, Zg+i = . . . = za = ^, z = X' , where A, A' G tc and Ea 
are ladder operators in the Cartan basis, then invariance of K implies 

+ . . . + as)i\')]K{E^,, . . . , E,,, A, . . . , A) = . (D.8) 

In the Borel subalgebra b all roots are positive, and therefore (ai + . . . + a^) 7^ 0. This 
implies that 

ir(E«,,...,E,^,A,...,A) = 0, for s = 1,...,A. (D.9) 

This demonstrates that any invariant polynomial evaluated on the Borel subalgebra b 
depends only on the field components in the Cartan subalgebra tc: 

P{b) = P{X), beb, AGtc, b-Xe®Qa. (D.IO) 

a>0 



By using the decomposition in fID.SP we can compute the Jacobian of the change 



of variables (see Appendix A. 33 in [39]) and write the integrals in flD.3l) and flD.4l) 
completely in terms of integration over the Cartan subalgebra tc 



tc 



[dz]e-''^''^ / [dz]\A{z)\^e^^'^'^ 



(D.ll) 



9C 



[dz\e 



-tr{zz) 



[dz\\A{z) |2e-(-.-)p(i) (^)p(2) (^)p{3) {^z) 



ic 



(D.12) 



where 



A{z)^\[a{z). (D.13) 



a>0 



We now need to show that these expressions transform properly under the S-duality 
map (12.101) . Indeed, if we define 

h = TZz (D.14) 
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for 2; G tc, then 

[d'-z] = [dz], = {z,z), = Yl ^-aih). (D.15) 

Moreover, we have that 

Lp{i){L^) = p(^{z), ^A{h) = (prefactor)A(z). (D.16) 

The prefactor cancels out between the numerator and denominator in fID.lip and 
()D.12p . Thus under S'-duahty we get that 



and 



p(i) [ \z\ p(2) ( \z\ P(3) ( -Z 



9 J \9 J \9 , , ^ 



This imphes that the two and three-point functions of chiral primary operators in 
A/" = 4 super Yang-Mills transform according to fID.ip and flD.2p under S'-duahty as 
conjectured. 
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